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: 2 Tanimura[9] $n$








2 $T^{2}$ $N$ (punctured ) $\dot{T}^{2}$
$c_{0}^{(j)}\in[0,1]\cross[0,1)$ , $j=1,2$ , $\cdot$ . . , $N$
$c_{m}^{(j)}=c_{0}^{(j)}+m,$ $m$ \in Z2 $\mathrm{R}^{2}$ $\mathrm{A}=\{c_{m}^{(j)}\}_{m\in \mathrm{Z}^{2}}^{j=1,\cdot\cdot,N}$
punctured plane $\dot{\mathrm{R}}^{2}=\mathrm{R}^{2}\backslash \Lambda$ punctured
$\text{ }-$ $\mathrm{Z}^{2}$ $\dot{\mathrm{R}}^{2}$ $\dot{\mathrm{R}}^{2}$/Z2
$\dot{T}^{2}=\dot{\mathrm{R}}^{2}$/Z2
punctured $\dot{T}^{2}$ U(l)-
Tanimura[9] 2 $S^{1}$ - $\omega$
2 $M$ (2, Z) $\mathrm{Z}\cross_{\omega}\mathrm{Z}$2
;
$(m_{0}, m)\cdot(n_{0}, n)=$ ($m_{0}+n_{0}+\langle m,$ $\omega$n$\rangle$ , $m+n$), $(m_{0}, m),$ $(n_{0}, n)\in \mathrm{Z}\cross \mathrm{Z}^{2}$ . $(2.1)$
( $\bullet$ , $\bullet$ ) $\mathrm{R}^{2}$ $\mathrm{Z}\cross_{\omega}\mathrm{Z}$ 2 $\mathrm{R}\cross\dot{\mathrm{R}}^{2}$
$(nl0, m)$ $(x_{0}, x)=$ ($x_{0}+m_{0}+\langle m,$ $\omega$x $\rangle$ , $x+m$),
$(m_{0}, m)\in \mathrm{Z}\mathrm{x}_{\omega}\mathrm{Z}^{2},$ $(x_{0}, x)\in \mathrm{R}\cross\dot{\mathrm{R}}^{2}$ , (2.2)
$\dot{P}_{\omega}^{3}=$ $(\mathrm{Z}\mathrm{x} \omega \mathrm{Z}^{2})\backslash (\mathrm{R}\cross\dot{\mathrm{R}}^{2})$
$N=0$ $\dot{P}_{\omega}^{3}$ . (dot) $P_{\omega}^{3}$
$\mathrm{R}\cross\dot{\mathrm{R}}^{2}$
$\dot{P}_{\omega}^{3}$
$\Pi_{\omega}$ : $\mathrm{R}\cross\dot{\mathrm{R}}^{2}arrow\dot{P}_{\omega}^{3}=(\mathrm{Z}\mathrm{x}_{\omega}\mathrm{Z}^{2})\backslash (\mathrm{R}\cross\dot{\mathrm{R}}^{2})$ : $(x_{0}, oe)\mapsto[(x_{0},$ oe) $]$ (2.3)
3$[(x_{0}, x)]$ $(x_{0}, x)$ $\dot{P}_{\omega}^{3}$ $\mathrm{U}(1)$
$\mathrm{R}_{g}$ : $[(x_{0}, x)]\mapsto[(x_{0}, x)]\cdot e^{2\pi it}=[(x_{0}+t, x)]$ , $g=e^{2\pi it}\in \mathrm{U}(1)$ (2.4)
$\dot{T}^{2}$ U(l)-
$\pi_{\omega}$ : $\dot{P}3arrow\dot{P}\mathit{2}/\mathrm{U}(1)\approx\dot{T}^{2}$ (2.5)












$\mathrm{U}(1)$ - $\dot{P}_{\omega}^{3}$ $C(\dot{P}_{\omega}^{3})$ $\dot{\mathrm{R}}^{2}$ 1 $A$
$T_{m}^{*}A=A-\langle$$m,$ $\omega$dx$\rangle$ , $m\in \mathrm{Z}^{2}$ (2.6)
$A_{\omega}(\dot{\mathrm{R}}^{2})=$ {$A:1$-form on $\dot{\mathrm{R}}^{2}|$ T$m*A$ $=A-\langle m,$ $\omega$dx), $m\in \mathrm{Z}^{2}$ } (2.7)
$T_{m}$
$\dot{\mathrm{R}}^{2}$
$T_{m}$ : $\dot{\mathrm{R}}^{2}arrow$ R2 : $x-oe+m$ (2.8)
$A\in A_{\omega}$ $(\dot{\mathrm{R}}^{2})$ $\mathrm{R}\cross\dot{\mathrm{R}}^{2}$ 1 $i(dx_{0}+A)$ $\mathrm{Z}\cross_{\omega}\mathrm{Z}$2
(2.2) $\dot{P}_{\omega}^{3}$ 1 $\alpha_{A}$ $\alpha_{A}$ $\dot{P}_{\omega}^{3}$
(C1) $\alpha_{A}(\frac{\partial}{\partial x_{0}})=i$ and(C2) $\mathrm{R}_{g}^{*}\alpha_{A}=\alpha_{A},$ $g$ \in U(1),
$\dot{P}_{\omega}^{3}$
$\alpha$ $\Pi_{\omega}$
\mbox{\boldmath $\omega$}*\mbox{\boldmath $\alpha$} $=i(dx_{0}+A)$
A (2.6)
$(\dot{\mathrm{R}}^{2})$ $C(\dot{P}_{\omega}^{3})$
$(\dot{\mathrm{R}}^{2})arrow C(\dot{P}_{\omega}^{3})$ : $A-\alpha_{A}$ (2.9)
$\dot{P}_{\omega}^{3}$
$\mathrm{f}C_{\mathrm{i}\mathrm{a}\mathrm{t}}$
$( \dot{P}_{\omega}^{3})$ 4$(\dot{\mathrm{R}}^{2})$ $Z_{\omega}(\dot{\mathrm{R}}^{2})$
$=\{A\in A_{\omega}(\dot{\mathrm{R}}^{2})|dA=0\}$ $\alpha_{A}$
$F(\alpha_{A})=d\alpha_{A}$ $\Pi_{\omega}^{*}F(\alpha_{A})=idA$ $\alpha_{A}$ $A$






1. Uniform magnetic fields:
;




2. Generalized Aharonov-Bohm connection:
$\Lambda$
$\nu_{1},$ $\nu_{2},$ $\cdot\cdot 1,$ $\nu_{N}$
$\dot{\mathrm{R}}^{2}$ 1 $A$
$A=5$ $\sum_{j=1}^{N}\nu$j ${\rm Im}$ ( $\zeta$ ($x_{1}+ix_{2}-c$Q”) $(dx_{1}+idx_{2})$) (2.11)
$\zeta(z)$ Weierstrass $\zeta$ [10]
$\zeta(z)=\frac{1}{z}+$ $\sum$ $\{\frac{1}{z-m_{1}-im_{2}}+\frac{1}{m_{1}+im_{2}}+\frac{z}{(m_{1}+im_{2})^{2}}\}$ (2.12)
$m\in$Z $2\backslash \{0\}$
5$\mathrm{Z}^{2}$ 1 Weierstrass $\wp$ $-\zeta’(z)=\wp(z)$
Weierstrass $\zeta$
$\zeta(z+m1+im2)=\zeta(z)+\pi$ (m1-im2), $m_{1},$ $m_{2}\in \mathrm{Z}$ ,
(2.11) 1 $A$



















, $j=1,2,$ $\cdot\cdot\tau,$ $N$, (2.15)
$\epsilon$ $dA=0$
$\ovalbox{\tt\small REJECT}(A)$ $\epsilon$ (2.6) $\rho_{j}$ (A) $m\in \mathrm{Z}^{2}$
$\alpha_{A}$
$\mathrm{U}(1)$ - $\dot{P}_{\omega}^{3}$















$\oint_{C}A$ $=$ $\int_{xarrow x+e_{1}}A+o\int_{e+e_{1}arrow x+e_{1}+e_{2}}A-o\int_{e+e_{2}arrow oe+e_{1}+e_{2}}A-\int_{xarrow \mathrm{a}\mathrm{e}+e_{2}}A$
$=$ $\int_{xarrow x+\epsilon_{1}}A+o\int_{earrow x+e_{2}}T_{e_{1}}^{*}A-\int_{xarrow x+e_{1}}T_{e_{2}}^{*}A-\int_{xarrow x+e_{2}}A$




Lemma 3 $N=0$ (2.16)
Lemma 3. $N=0$ $\omega\in M$ (2, Z) $P_{\omega}^{3}$
Proof. $\omega\in M$(2, Z) $\alpha_{A}\in \mathrm{f}C_{\mathrm{l}\mathrm{a}\mathrm{t}}(\dot{P}_{\omega}^{3})$ $\mathrm{R}^{2}$
$C$ : $0arrow e_{1}arrow e_{1}+e_{2}arrow e_{2}arrow 0$ $A$ $dA=0$ Green











Lemma 4. $C^{\infty}(\dot{T}^{2};\mathrm{U}(1))$ $\dot{\mathrm{R}}^{2}$ $\mathrm{U}(1)$ :
$C^{\infty}(\dot{T}^{2};\mathrm{U}(1))=$ { $f$ : $\dot{\mathrm{R}}^{2}arrow$ U(1) $|$ f$(x+m)=f(x),$ $m\in \mathrm{Z}^{2}$ }. (2.17)
$C^{\infty}$ $(\dot{T}^{2}; \mathrm{U}(1))$ $\dot{P}_{\omega}^{3}$ $\mathcal{G}(\dot{P}_{\omega}^{3})$
Proof. $f\in C$“ $(\dot{T}^{2};\mathrm{U}(1))$ $\phi_{f}$ : $\dot{P}_{\omega}^{3}arrow\dot{P}_{\omega}^{3}$
$\phi$f: $\dot{P}_{\omega}^{3}arrow\dot{P}\mathit{3}$ : $[(x_{0}, x)]\vdash+[(x_{0}, oe)]\vee f(x)$ (2.18)
well-defined
$\dot{P}_{\omega}^{3}$ $\phi$ (G2)
\phi (\Pi $(x_{0},$ $x)$ ) $=\Pi_{\omega}(x_{0}, x)$ . $f$ (x0, $x$ ) $=[(x_{0}, x)]$ . $f$ (x0, $x$ )
$f$ : $\mathrm{R}\cross\dot{\mathrm{R}}^{2}$ \prec U(1) (G1) $f$ $x_{0}$
$\phi$ (II,(x0, $x)$ ) $=\phi$ ( $\Pi_{\omega}$ ((x0, $x$ ) $(m_{0},$ $m)$ )
$=[(x_{0}, x)((m_{0}, m)]f(x+m)=[(x_{0}, x)]f(x+m)$
$f(x)=f(x+m)$
. $\dot{P}_{id}^{3}$ ;
$\mathcal{G}$ ( $\dot{P}\mathrm{D}\cross$ C $(\dot{P}_{\omega}^{3})arrow C(\dot{P}_{\omega}^{3})$ : $(\phi, \alpha)\mapsto\phi^{*}\alpha$ . (2.19)
$C(\dot{P}_{\omega}^{3})$




Lemma 1 $C(\dot{P}_{\omega}^{3})$ $\dot{\mathrm{R}}^{2}$ 1 $(\dot{\mathrm{R}}^{2})$
1 1 $\alpha_{A}$ $\alpha_{\mathrm{A}}$’
$A$ $\ovalbox{\tt\small REJECT}$
Lemma 5. $\alpha_{A},$ $\alpha_{A’}\in C(\dot{P}_{\omega}^{3})$ $\phi_{f}\in \mathcal{G}(\dot{P}_{\omega}^{3})$
$\alpha_{A’}=\phi_{f}^{*}\alpha A\Leftrightarrow A’=A+\frac{1}{2\pi i}f^{-1}df$ (2.21)
$f^{-1}$ $C^{\infty}(\dot{T}^{2};\mathrm{U}(1))$ $f$
Proof. $f(x)=e^{2\pi i\theta(x)}$ $\theta(x)$ $\dot{\mathrm{R}}^{2}$
\mbox{\boldmath $\omega$}*\mbox{\boldmath $\alpha$}A’ $=i(dx_{0}+A’)$ ,








Theorem 6. $\alpha_{A},$ $\alpha_{A’}\in \mathrm{f}C_{\mathrm{l}\mathrm{a}\mathrm{t}}(\dot{P}_{\omega}^{3})$ $\dot{P}_{\omega}^{3}$ $\alpha_{A}$ $\alpha_{A’}$
(1) (2)
(1) $j=1,2$ , $\cdot$ . $\mathrm{r},$ $N$
$e^{2\pi i\rho_{j}(A)}=e$2”$i\rho$j(A$’$ ). (3.1)
(2)





Proof. ( ) $\alpha_{A}$ $\alpha_{A}$’ Lemma 5 $\mathcal{X}\ovalbox{\tt\small REJECT} A+$
$\ovalbox{\tt\small REJECT} f^{-1}\ovalbox{\tt\small REJECT}$ $f\in C$“ $(\ovalbox{\tt\small REJECT}_{\ovalbox{\tt\small REJECT}}^{2}\mathrm{U}(1))$ $\alpha_{A},$ $\alpha_{A}$’
$\rho_{j}(A’)=\rho_{j}(A)+\oint_{|x-c_{0}^{(j)}|=\epsilon}\frac{1}{2\pi i}f^{-1}df$
$=\rho_{j}(A)+\deg f|_{|\mathrm{a}\mathrm{e}-c_{0}^{(j)}|=\epsilon}$
$\deg f|_{|oe-c_{0}^{(j)}|=\epsilon}$ $f|_{|oe-c_{\mathrm{O}}^{(j)}|=\epsilon}$ : $S^{1}arrow S^{1}$ $S^{1}$
$S^{1}$ ^\sigma )\Xi \sigma ) \Phi aef\mbox{\boldmath $\tau$}^v\mbox{\boldmath $\tau$} $rx\text{ }l^{\mathrm{a}}\text{ _{ }}\rho_{j}(A’)\equiv\rho_{j}(A)$ $\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{Z}$ $\text{ }$ $\vee\supset$
(1) $c$ $c+e_{l}$ A $c\in\dot{\mathrm{R}}^{2}$ (2)
( ) (1), (2) $f$ : $\dot{\mathrm{R}}^{2}arrow \mathrm{U}(1)$
$f(x)= \exp(2\pi i\int_{b}^{x}$(A’-A))(3.3)
$b\in\dot{\mathrm{R}}^{2}$ $A,$ $A’$








Lemma 5 $\phi_{f}$ $\alpha_{A}$ $\alpha_{A’}$
punctured $\text{ }-$ $j$ $p(c_{0}^{(j)})$
$\alpha_{A}$
$e^{2\pi i\rho_{j(}}$A)
$\exp$ ( $-2\pi i\langle$el, $\omega c\rangle-2\pi i\int_{\mathrm{c}}^{c+e_{l}}A$ ) Theorem 6
$(1)_{\text{ }}$ ( 2)
[6]
Theorem 7. $Parrow M$ $G$- $P$
$\mathrm{f}C_{\mathrm{l}\mathrm{a}\mathrm{t}}(P)/\mathcal{G}(P)$ $\mathrm{H}\mathrm{o}\mathrm{m}$ ( $\pi_{1}$ (M), $G$ )
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$F,$ $F’\in \mathrm{H}\mathrm{o}\mathrm{m}$ ( $\pi_{1}$ (M), $G$)
$F’(c)=g^{-1}F(c)g$ , $\forall c\in\pi_{1}(M)$ ,




Theorem 8. $N>0$ $A\in Z_{\omega}(\dot{\mathrm{R}}^{2})$
$A=A^{a}-$ (z, $\frac{\omega+\omega^{T}}{2}dx\rangle$ $+ \langle\epsilon, dx\rangle+\frac{1}{2\pi i}f^{-1}df$ , $(3.4)$
$A^{a}= \frac{1}{2\pi}\sum_{j=1}^{N}\nu j{\rm Im}(\zeta(x_{1}+ix_{2}-c_{0}^{(j)})(dx_{1}+idx_{2}))$ , $(3.5)$
$\nu_{1},$ $\cdot..l,$ $\nu_{N},$ $\epsilon=$ $(\epsilon_{1}, \epsilon 2)$ $f\in C^{\infty}(\dot{T}^{2};\mathrm{U}(1))$
Theorem 9. $N>0$ $\dot{P}_{\omega}^{3}$ $(N+1)$
$T^{N+1}$
Corollary 10. $N=0_{\text{ }}\omega\in M$(2, Z) $P_{\omega}^{3}$
2 $T^{2}$
Proof of Theorem 9. $N>0$ $Z_{\omega}(\mathrm{R}^{2})$ $T^{N+1}$
$\mathit{4},(\dot{\mathrm{R}}^{2})arrow T^{N+1}$ : $A-$ ( $e^{2\pi i\rho_{1}(A)},$ $\cdots,$ $e$2$\pi$i$\rho$N-1(A), $e$2$\pi$ ip1 $(c,A),$ $e$2 $\pi$ip2(c,A)) (3.6)
$p_{l}(c, A)= \int_{c}^{c+e_{l}}A$ , $l=1,2$ , (3.7)
Theorem 6 (3.6) $\mathrm{f}C_{\mathrm{l}\mathrm{a}\mathrm{t}}(\dot{P}_{\omega}^{3})/\mathcal{G}(\dot{P}_{\omega}^{3})$ $T^{N+1}$
$(e^{2\pi it_{1}}, \cdot\cdot\downarrow, e^{2\pi it_{N-1}}, e^{2\pi i\tau_{1}}, e^{2\pi i\tau_{2}})\in T^{N+1}$
(3.6) $A\in Z_{\omega}(\dot{\mathrm{R}}^{2})$
$A=A^{a}- \langle x, \frac{\omega+\omega^{T}}{2}doe\rangle+\langle\epsilon, dx\rangle$ ,
$A^{a}= \frac{1}{2\pi}\sum_{j=1}^{N}\nu_{j}{\rm Im}(\zeta(x_{1}+ix_{2}-c_{0}^{(j)})(dx_{1}+idx_{2}))$ ,
$A$ (2.6) $A\in Z_{\omega}(\dot{\mathrm{R}}^{2})$
(2.13)
$\sum_{j=1}^{N}$ $=\omega_{21}-\omega_{12}$ (3.8)
$\alpha_{A}$ $\rho_{j}(A)=\nu_{j},$ $j$ =1,2, $\cdot,$ $N$,
(3.8) (2.16)
$\nu_{1},$ $\cdots,$ $\nu_{N},$ $\epsilon=$
$(\epsilon_{1}, \epsilon 2)$
$\{$
$\exp(2\pi i\nu j)=\exp(2\pi it_{j})$ , $j=1,2,$ $\cdot\cdot|$ , $N-1$ ,
$\nu_{N}=\omega_{21}-\omega_{12}-\sum_{j=1}^{N-1}\nu_{j}$ ,
(3.9)
$\exp(2\pi i\epsilon_{l})=\exp(2\pi i\tau_{l})\exp(-2\pi ip\iota(c,$ $A^{a}- \langle x, \frac{\omega+\omega^{T}}{2}dx\rangle))$ , $l=1,2$ ,
$A$ (2.16) (3.6) $T^{N+1}$
$(e^{2\pi it_{1}}, \cdot\cdot 1, e^{2\pi it_{N-1}}, e^{2\pi i\tau_{1}}, e^{2\pi i\tau_{2}})\in T^{N+1}$











$\chi$k $(g)=g^{k}$ , $g\in \mathrm{U}(1)$ . (4.1)
$\chi_{k}$
$\dot{P}_{\omega}^{3}\cross$ C




$\pi_{\omega,k}$ $\pi_{\omega,k}$ : $\mathrm{E}_{\omega,k}arrow\dot{T}^{2}$ $\mathrm{C}$
$\mathrm{E}_{\omega_{)}k}$
$\dot{P}_{\omega}^{3}$
$\sigma$ : $\dot{T}^{2}arrow \mathrm{E}_{\omega,k}$
$\pi_{\omega,k}\circ\sigma=\mathrm{i}\mathrm{d}_{\dot{T}^{2}}$ $\sigma$ $\mathrm{E}_{\omega,k}$ $\mathrm{E}_{\omega,k}$
$\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k})$ $\Gamma(\dot{T}^{2};\mathrm{E},,k)$ $\dot{P}_{\omega}^{3}$
$\mathcal{E}_{k}(\dot{P}_{\omega}^{3})=$ $\{\psi:\dot{P}_{\omega}^{3}arrow \mathrm{C}|\mathrm{R}_{\mathit{9}}^{*}\psi=\chi_{k}(g^{-1})\psi, g\in \mathrm{U}(1)\}$ (4.3)
Lemma 11. $\mathrm{E}_{\omega,k}$ $\Gamma(\dot{T}^{2},\cdot \mathrm{E}_{\omega,k})_{\text{ }}\dot{P}_{\omega}^{3}$ $\mathcal{E}_{k}(\dot{P}_{\omega}^{3})$
;
$C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})=$ { $f\in C^{\infty}(\dot{\mathrm{R}}^{2})|$ f $(x+m)=e^{2\pi ik\langle m,\omega x\rangle}f(x),$ $m\in \mathrm{Z}^{2}$ } (4.4)
Proof. $f\in C_{\omega,k}^{\infty}$’ $(\dot{\mathrm{R}}^{2})$ $\mathrm{R}\cross\dot{\mathrm{R}}^{2}$ $\overline{\psi_{f}}$





$\psi\in \mathcal{E}_{k}(\dot{P}_{\omega}^{3})$ f(x)=( \mbox{\boldmath $\omega$}*\psi ) $(\mathit{0}, x)$ $\dot{\mathrm{R}}^{2}$
$f$ $f\in C_{\omega,k}^{\infty}$ (R2)
$f$ (x+m)=( \mbox{\boldmath $\omega$}*\psi ) $(0, oe+m)=\psi$ ( $[(0,$ $m)\cdot($- $\langle$m, $\omega x\rangle,$ $x)]$ )
$=e^{2\pi ik\langle m,\omega oe\rangle}\psi([(0, x)])=e^{2\pi ik\langle m}^{\omega x\rangle}f$(oe)
$f$
$\psi_{f}$ ([(x0, $x$ ) $]$ ) $=e^{-2\pi ikx_{0}}f(x)=e^{-2\pi ikx_{0}}(\Pi_{\omega}^{*}\psi)(0, x)$







$L_{\omega,k}^{2}(\mathrm{R}^{2})=\{f$ : $\mathrm{R}^{2}arrow \mathrm{C}$
$\int_{[0,1]^{2}}|f$ (x)|2\parallel oe<+
$f(x+m)=e^{2\pi ki\langle m,\omega oe\rangle}f(x),$ $m\in \mathrm{Z}^{2},$
$\}$ (4.6)
$C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})$ $\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k)}),$ $\mathcal{E}_{k}.(\dot{P}_{\omega}^{3})$ $C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})$
$\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k}),$ $\mathcal{E}_{k}(\dot{P}_{\omega}^{3})$ Hilbert
$\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k}),$ $\mathcal{E}_{k}(\dot{P}_{\omega}^{3})$ $L^{2}$ (T2; $\mathrm{E}_{\omega,k}$ ), $L^{2}$ ( $P_{\omega}^{3},$ $\chi$k)
$L_{\omega,k}^{2}$ (R2), $L^{2}$ ( $P_{\omega}^{3},$ $\chi$k), $L^{2}(T^{2};\mathrm{E}_{\omega,k})$ Hilbert
13
4.2






(HL1) $(\pi_{\omega})_{*}X^{*}=X$ and (HL2) $\alpha_{A}(X*)=0$
$\mathrm{E}_{\omega,k}$
$X$ : $\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k})arrow\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k})[]\mathrm{h}_{\text{ }}X$ $X$ “
X\sigma $=\gamma X^{*}(\gamma^{-1}\sigma)$ , $\sigma\in\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k})$ (4.7)
$\gamma$
$\mathcal{E}_{k}(\dot{P}_{\omega}^{3})$ $\Gamma(\dot{T}^{2}; \mathrm{E}_{\omega,k})$ $\Gamma(\dot{T}^{2}; \mathrm{E}_{\omega,k})$ ,
$\wedge(\dot{P}_{\omega}^{3}),$ $C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})$ $C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})$
Lemma 12. $X\in \mathcal{X}(\dot{T}^{2})$ $X$ $\dot{\mathrm{R}}^{2}$
$X\in \mathcal{X}(\dot{\mathrm{R}}^{2})$
$P_{X}$ : $C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})arrow C_{\omega,k}^{\infty}(\dot{\mathrm{R}}^{2})$ : $f\mapsto(X+2\pi ikA(X))f$ (4.8)
$C_{\omega,k}^{\infty}$ (R2) well-defined
$C_{\omega,k}^{\infty}.(\dot{\mathrm{R}}^{2})arrow\sim \mathcal{E}_{k}(\dot{P}_{\omega}^{3})arrow\sim\Gamma(\dot{T}^{2};\mathrm{E}_{\omega,k})$




Definition 13. $\dot{T}^{2}$ ( $L_{\omega,k}^{2}$ (R2), $U_{1}$ , $U_{2}$ , $P_{1}$ , $P_{2}$ ) .
$U_{1},$ $U_{2}$ $L_{\omega,k}^{2}$ (R2)
$(U_{l}f)(oe)=e^{2\pi ix}{}^{t}f(x)$ , $l=1,2$ , (4.9)
$P_{1}$ , $P_{2}$
$P_{l}=-iI\theta$/ $\partial$x$l=-i \frac{\partial}{\partial x_{l}}+2\pi$ kA$l$ , $l=1,2$ , (4.10)
14
Hilbert $L_{\omega,k}^{2}$ (R2) $L_{\omega,k}^{2}$ (R2) $L^{2}$ (T2; $\mathrm{E}_{\omega,k}$ )
$L^{2}$ (T2; $\mathrm{E}_{\omega,k}$ )
Definition14. $\dot{T}^{2}$ ( $L^{2}$ (T2; $\mathrm{E}_{\omega,k}$ ) , $\hat{U}_{1}$ , $\hat{U}_{2}$ , $\nabla_{\partial/\partial x_{1}},$ $\nabla_{\partial/\partial x_{2}}$ )
$\hat{U}_{1},$ $U$^2 $U_{\mathrm{J}},$ $U_{2}$ $L^{2}$ (T2; $\mathrm{E}_{\omega,k}$ )
Definition 13
$[U_{1}, U_{2}]=[P_{1}, P_{2}]=0$ ,
(4.11)
$[P_{l}, U_{l’}]=2\pi U_{l}\delta_{ll’},$ $l,$ $l’=1,2$ ,
$P_{1}$ $P_{2}$ $[P_{1}, P_{2}]=0$
$\ovalbox{\tt\small REJECT}$ , $P_{2}$ 1
$P_{l}$ 1
Lemma 15. $P_{l},$ $l=1,2$ , $L_{\omega,k}^{2}$ (R2)
$l=1,2,$ $t\in \mathrm{R}$ (4.12)$(e^{itP_{l}}f)(oe)=\chi$ k $( \exp(2\pi i\int_{x}^{x+te_{l}}A))f(x+te_{l})$ ,








i $s$P$2e^{-}itP1e^{-}isI2=\chi_{k}.(e^{2\pi i\Phi_{t}}’\cdot)$ (4.13)
$\Phi_{t,s}$
$\Phi_{t}$ , $s(x)= \oint_{\ell(x;t,s)}A$ , $\mathrm{a}.\mathrm{e}$ . $x$






$S$ (x; $t,$ $s$ ) $l$ (x; $t,$ $s$ ) $\mathrm{R}^{2}$ \Sigma cA\in s(x;t,s $S$ (x; $t,$ $s$ )
$\Lambda$ $A\in Z_{\omega}$ $(\dot{\mathrm{R}}^{2})$ $e^{itP_{1}},$, eitl




$(L_{\omega,k}^{2}(\mathrm{R}^{2}), U_{1}, U_{2}, P_{1}, P_{2})$ , $(L_{\omega,k}^{2}(\mathrm{R}^{2}), U_{1}, U_{2}, P_{1}’, P_{2}’)$ ,
$P_{l}=-i \frac{\partial}{\partial x_{l}}+2\pi kA_{l}$, $P \mathit{7}=-i\frac{\partial}{\partial x_{l}}+2\pi kA_{l}’(l=$
$1,2),$ $A,$ $A’\in Z_{\omega}(\dot{\mathrm{R}}^{2})$ $L_{\omega,k}^{2}(\mathrm{R}^{2})$
$U$
$UU_{l}=U_{l}U$, $UP_{l}=P_{l}’U$, $l=1,2$ , (4.15)
$U$ $A$ $A’$ 2
Lemma 16. $A,$ $A’\in Z_{\omega}$ $(\dot{\mathrm{R}}^{2})$
$\Phi_{t,s}(x)=\oint_{\ell(oe;t,s)}A$ , $\Phi_{t}’$ , $s(oe)= \oint_{\ell(\mathrm{a}_{j}t,s)}\mathrm{i}A’$ , $\mathrm{a}.\mathrm{e}$ . $x$ ,
( $L_{\omega,k}^{2}$ (R2), $U_{1},$ $U_{2},$ $P_{1},$ $P_{2}$ ) ( $L_{\omega,k}^{2}($R2), $U_{1},$ $U_{2},$ $P_{1}’,$ $P_{2}’$ )
$t,$ $s\in \mathrm{R}$
$\chi$k $(e^{2\pi ik\Phi_{t,s}(x)})=\chi$k
$(e^{2\pi ik\Phi_{\acute{t},s}(x)})$ , $\mathrm{a}.\mathrm{e}$ . $x$ (4.16)
$c\in\dot{\mathrm{R}}^{2}$
$\chi_{k}$ (e2 $\mathrm{r}\mathrm{i}\int_{\mathrm{c}}^{\epsilon+e_{1}}A)=\chi_{k}($e2xi $\int_{c}^{\mathrm{c}+e_{l}}A’$ ), $l=1,2$ , (4.17)
$\int_{\mathrm{c}}^{\mathrm{c}+e}$‘ $c$ c+el/S
Proof.
$UUj=UjU,$ $UP_{j}’=Pj$U, $j=1,2$ , (4.18)
16
$U$ $e^{itP_{\acute{j}}}$ $=U^{-1}e^{itP_{j}}U$ (4.13)






$= \oint_{\ell(oe;t,s)}$ ($A-\langle m,$ $\omega$x $\rangle$ ) $=\Phi_{t}$ , $s(x)$
$\Phi_{t,s}$
$e^{-2\pi ki\Phi_{t,s}}$ $L$2 Fourier
Fourier
$e^{-2\pi ki\Phi_{t,s}}= \sum_{m\in \mathrm{Z}^{2}}d_{m}e^{2\pi i\langle m,ae\rangle}$
$A_{n},$ $n\in \mathrm{Z}$




$||$ $e-2\pi ki\Phi_{t,s}’f-e^{-2\pi ki\Phi_{t,s}}f||_{L_{\omega,k}^{2}(\mathrm{R}^{2})}$
$=||U^{-}1$ $e^{-}2\pi$ki
$\Phi$t, $sUf-e^{-}2\pi$ki $\Phi$t, $sf||_{L_{\omega,k}^{2}(\mathrm{R}^{2})}$
$\leq||$ $U-1e-2\pi ki\Phi_{t,s}Uf-A_{n}f||_{L_{\omega,k}^{2}(\mathrm{R}^{2})}+||$A$nf-e^{-2\pi ki\Phi_{t,s}}f||_{L_{\omega,k}^{2}(\mathrm{R}^{2})}$.
$\leq 2||A_{n}f-e^{-2\pi ki\Phi_{t,s}}f||_{L_{w,k}^{2}(\mathrm{R}^{2})}arrow 0$ as $narrow\infty$ ,
(4.16)
(4.12) $t=1$ $e^{iP_{l}}$ $\#\#\text{ }$ $\chi_{k}(e^{2\pi i(\langle e_{j},\omega x\rangle+\int_{\Phi}^{\mathrm{n}+-j}A}))$
$\chi_{k}$ ( $e^{2\pi i(}$ $\langle$ej,
$\omega oe\rangle+o\int_{\Phi}^{e+\epsilon_{j}}A’$ ) $)=U^{-1}\chi_{k}(e^{2\pi i(\langle e_{j},\omega oe\rangle+o\int_{\mathrm{a}}^{e+*_{j}}A}))$U
$m\in \mathrm{Z}^{2}$
$\langle$e$l$ , $\omega(x+m)\rangle$ $+oa \int_{e+m}^{e+m+e_{l}}A=\langle$el, $\omega(x+m)\rangle$ $+ \int_{x}$
””
$T_{m}^{*}A$
$=\langle e_{l}, \omega(x+m)\rangle$ $+oo \int_{e}^{e+}$
’$l$
( $A-\langle m,$ $\omega$dx) $)$
$\equiv\langle e_{l},\omega oe\rangle+\int_{x}^{x+e_{l}}$ $A$ $\mathrm{m}$od $\mathrm{Z}$
$\chi_{k}$ ( $e^{2\pi i(}$ $\langle$ej,
$\omega x\rangle+\int_{\Phi}^{\varpi+\mathrm{e}_{j}}A$ )
$)$ (4.16)
$\chi_{k}(e^{2\pi i(\langle e_{l},\omega x\rangle+o\int_{e}^{\varpi+\epsilon_{\{}}A}))$
$\chi_{k}$ ( $e^{2\pi i(}$ $\langle$el,$\omega oe\rangle+\int_{\varpi}^{x+\circ}‘ A$’) $)$ ?
(4.17)
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Theorem 17. $A,$ $A’\in Z_{\omega}$ $(\dot{\mathrm{R}}^{2})$ ,
$P_{l}=-i \frac{\partial}{\partial x_{l}}+2\pi$kA$l$ , $P_{l}’=-i \frac{\partial}{\partial x_{l}}+2\pi$kA;, $l=1,2$ ,
. ( $L_{\omega,k}^{2}$ (R2), $U_{1},$ $U_{2},$ $P_{1},$ $P_{2}$ ) ( $L_{\omega,k}^{2}($R2), $U_{\mathrm{b}}U$2, $P_{1}’,$ $P_{2}’$ )
.
(1) $j=1,2$ , $\cdot$ . . , $N$




$\chi$k $( \exp(2\pi i\int_{\mathrm{c}}^{c+e_{l}}A))=\chi_{k}($ $l=1,2$ ,$\exp$ ($2 \pi i\int_{c}^{c+}$” $A’$) $)$ ,
Proof. (4.14) Lemma 16







$=2\pi ik$ ($T_{e_{l}}^{*}(A’-A)-(A’-$ A))-p $(2\pi$ik $o \int_{x}^{e+e_{l}}(A’-A))=0$
(2) $\exp(2\pi ik\int_{x}^{x+e_{l}}(A’-A))=1$
$f(x+e_{l})=f(x)\exp(2\pi ik$ /”$e_{t}(A’-A))=f(x)$
$f$ $L_{\omega,k}^{2}$ (R2) $U$
$(U\psi)(x)=f(x)\psi(x)$ , $\psi\in L_{\omega,k}^{2}(\mathrm{R}^{2})$ (4.20)
$U^{-1}P_{l}U=P_{l}’$ , $l$ =1,2,
18
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Theorem 18. $A,$ $A’\in Z_{\omega}(\mathrm{R}^{2})$ $P_{\omega}^{3}$ $\alpha_{A},$ $\alpha_{A’}$
$\mathrm{E}_{\omega,k}$ , $\nabla’$ :
7 $\frac{\partial}{\partial x_{l}}=\frac{\partial}{\partial x_{l}}+2\pi ikA_{l}$ , $\nabla_{\frac{/\partial}{\partial oe_{l}}}=\frac{\partial}{\partial x_{l}}+2\pi ikA_{l}’$ , $l=1,2$ . (4.21)
$L_{\omega,k}^{2}(\dot{\mathrm{R}}^{2})$ $U_{1}=e^{2\pi ix_{1}},$ $U_{2}=e^{2\pi ix_{2}}$ $L^{2}(\dot{T}^{2};\mathrm{E}_{\omega,k})$
$\hat{U}_{1},$ $U$^2
$(L_{\omega,k}^{2}(\mathrm{R}^{2})\nabla, U\hat 1,\hat{U}_{2})$ $(L_{\omega,k}^{2}(\mathrm{R}^{2})\nabla’, U\hat 1,\hat{U}_{2})$
(1), (2) .
(1) $j=1,2$ , $\cdot$ . {, $N$
$\chi_{k}(e^{2\pi i\rho_{\mathrm{j}}(A)})=\chi_{k}(e^{2\pi i\rho_{j}(A’)})$
(2) $c\in\dot{\mathrm{R}}^{2}$
$\chi$A($\exp$ ( $2\pi i$ /
$c+$”
$A))=\chi_{k}($ $l=1,2$ ,$\exp(2\pi i\int_{e}^{\mathrm{c}+e_{l}}A’))$ :
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